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A quasi-Chebyshev subspace of a Banach space X has been defined as one in
which the set of best approximants for every x in X is non-empty and compact.
This generalizes the well known concept of pseudo-Chebyshev property. In this
paper we shall give various characterizations of quasi-Chebyshev subspaces in
Banach spaces. Moreover, we present a characterization of the spaces in which all
closed linear subspaces are quasi-Chebyshev. © 2000 Academic Press
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1. INTRODUCTION AND PRELIMINARIES

Let X be a (complex or real) Banach space and let 17 be a linear subspace
of X. A point y, € W is said to be a best approximation for x € X if

Ix = yoll =d(x, W)=inf{|x—y| : ye W}

If each x € X has at least one best approximation in W, then W is called
a proximinal subspace of X. If each x € X has a unique best approximation
in W, then W is called a Chebyshev subspace of X. For x € X, put

Py(x)={yeW:|x—yl=dx W)}

It is clear that P (x) is a bounded, closed and convex subset of X. For
an arbitrary non-empty covex set 4 in X, we shall denote by
/(A)={ox+(l—a) y:x, yeA;aisscalar}
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the linear manifold spanned by A4. For every fixed ye 4 the set /(A4) — y=
{x—y:x€el(A)} is a linear subspace of X, satisfying /(4 — y)=7/(A4)— y.
The dimension of 4 is defined by dim 4 =dim /(A4). Then, for every ye 4
we have

dim A =dim /(A4) =dim[/(4) — y] =dim /(4 — y) = dim(A4 — y)

(For more details see [8].)

We say that W is a pseudo-Chebyshev subspace of X if Py, (x) is a non-
empty and finite-dimensional set in X for each x e X.

In particular, every finite-dimensional linear subspace and every k-Chebyshev
subspace (k=0, 1, 2, ...) is pseudo-Chebyshev(for more details see [4, 8]).
In [1] P. D. Morris has constructed examples of pseudo-Chebyshev sub-
spaces of finite-codimensional of /g which are not Chebyshev subspaces.
In [7] there is a characterization of the spaces in which all closed linear
subspaces are pseudo-Chebyshev.

A linear subspace W of a Banach space X is called quasi-Chebyshev if
Py (x) 1s a non-empty and compact set in X for every xe X (see [2]). In
[2] it is shown that every pseudo-Chebyshev subspace is quasi-Chebyshev,
and given an example in which the converse is not true. For more details
about quasi-Chebyshev subspaces see [2].

Let X* be the dual space of the Banach space X. For fe X*, put

M= {xeX: f(x)=|fl. x| =1}

It is clear that M, is a bounded and closed subset of X.
We conclude this section by a list of known lemmas needed in the proof
of the main results.

LemMA 1.1 [8, Theorem 1.1]. Let X be a normed linear space, W a
linear subspace of X, xe X\W and y, € W. Then y, € Py, (x) if and only if
there exists f € X* such that | f| =1, f| W=0 and f(x — yo) = |x — yo .

Lemma 1.2 [5; 8, Theorems 1 and 4]. Let X be a normed linear space,
W a linear subspace of X, xe X\W and y, € W. Then y, € P,(x) if and only

if
[ = yollwe=1llx—yoll

where x| w1 =sup{[f(x)| : [ /I <1, fe W™},

LemMmA 1.3 [6, 8]. Let X be a normed linear space, W a linear subspace
of X, xe X\W and F a subset of W. Then F is a subset of Py, (x) if and only
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if there exists f€ X* such that || f| =1, f] W=0 and f(x — y) = | x— y| for
every yeF.

LeEmmA 1.4 [2, Theorem 2.4]. Let X be a Banach space and let W be a
proximinal subspace of X. Then the following are equivalent:
(1) W is quasi-Chebyshev in X.
(2) There do not exist fe X*, xo€X and a sequence {x,},~, in X

without a convergent subsequence and with xo—x,€ W (n=1,2,...) such
that ||f|| =1, f] W=0 and f(x,)=||x,| for al n=0,1,2, ...

(3) There do not exist fe X*, xo€X and a sequence {g,},~, in W
without a convergent subsequence such that | f| =1, f| W=0 and f(x,) =
o | = X0 — g4l for all n=1,2, ...

2. MAIN RESULTS

Now, we are ready to state and prove our main results. In the following
we give various characterizations of quasi-Chebyshev subspaces in Banach
spaces. First, we use Lemma 1.4 and give another proof of a result in [3].

THEOREM 2.1. Let X be a Banach space and let W be a proximinal sub-
space of X with codimension one. Then the following are equivalent:

) W is quasi-Chebyshev in X.

(1
(2) Each sequence {y,},>, in X with |y,|=1 and 0€Py(y,)
n=1,2,..) has a convergent subsequence.

(
Proof. See Theorem 2.5 below.

In the following, we need the following definitions.

DErFINITION 2.2. A linear subspace W of a Banach space X is said to
have the property (C), if for every fe W* the set

Ec={feXx= fIwW=/fI|]l=I/I}

is non-empty and compact in X* (Note that E; is convex for every
few*)

DErFINITION 2.3. Let X be a Banach space. A linear subspace M of X*
is said to have the property (C*), if for every x € X\*M the set

D, ={yeX: f(y)=f(x)forall fe M; |yl = |x] s}
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is non-empty and compact in X, where
*M={xeX: f(x)=0forall feM}
and

x| e =sup{ | ()] I/ <1, feM}
(Note that D, is convex for every xe X\*M.)
THEOREM 2.4. Let X be a Banach space and let W be a proximinal subspace
of X. Then the following are equivalent:

(1) W is quasi-Chebyshev in X.
(2) WY has the property (C*).

If the quotient space X/ W is reflexive, then the above statements are equiv-
alent to the following:

(3) For every Ae(W*)* the set

Sa={yeX: f(y)=A(f) forall fe W*; ||yl = 4]}
is non-empty and compact in X. (Note that S, is convex for every
Ae(WH)*. Also, (3) implies (1) and (2) without the reflexivity of X/W.)

Proof. (1)=-(2). Suppose that (2) does not hold. Since W is proximinal
in X, by [8; Theorem 2.1] D, is non-empty for each x € X. Then there exits
Xo € X\W such that D,, is not compact. It follows that there exists a
sequence { y,},> in X without a convergent subsequence such that

f(yn)=f(xo), n=1a2a >fe WJ_a

and

Iyull=lxollws,  n=1,2,..

Then we have f(y,— y;)=0 for all fe W and all n>1. Therefore,
Vo= €XWHY =W (n=1,2,..), because W is a closed subspace of X.
Let yo=y; and g,=y,.1—y1, n=1,2,... Thus, yo e X\W, {g,} .=, Is a
sequence in W without a convergent subsequence and

1Y0=&nll = 1 Yns1ll = X0l wr
=sup{[f(xo)|: | fI <1,fe W}
=sup{[f(y)I: IfI <1, fe W}

=lyollwr=1yo— gull w
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for all n=1,2,... It follows from Lemma 1.2 that g,ePy(y,) for
n=1,2, ... Therefore, Py (y,) is not compact and hence W is not quasi-
Chebyshev in X. Thus, (1) implies (2).

(2)=(1). Assume if possible that W is not quasi-Chebyshev in X.
Since W is proximinal in X, by Lemma 1.4 (the implication (1)=-(3)) for
a suitable f, € X* and x, € X\W there exists a sequence {g,},>, in W
without a convergent subsequence such that |fyll=1,f,| W=0 and
fo(x0)=lx0l = llxo— gnll, n=1,2, ... Since x, € X\ W and

Jo(Xo—gn) = fo(Xo) = IXo— &n,

foralln=1, 2, ..., it follows from Lemma 1.3 that g, € Py (x,) (n=1, 2, ...).
Then, by Lemma 1.2, we have

0= &nll =1 %0— & ll wes

foralln=1,2, ...

Let y,=xo— g,, n=1,2,... Therefore, {y,},~, is a sequence in X
without a convergent subsequence. Now, let f'€ W= be arbitrary. Then we
have

f(yn):f(xo_gn):f(xo)a nzln 27 ooy
and
[yall=1lx0—&nll = llxo — gull ws = X0l we,

for all n=1,2, ... It follows that y, e D, for all n>1. Thus, W+ does not
have the property (C*). Hence, (2) implies (1).

(2)=(3). Assume that we have (2) and that the quotient space X/W
is reflexive. Now, suppose that (3) does not hold. Since W is proximinal
and X/W is reflexive, by [8; Theorem 2.1] S, is non-empty for every
Ae(Wt)* Then for a suitable 4, e (W1)*, S 4, 18 not compact. It follows
that there exists a sequence {y,},-, in X without a convergent sub-
sequence such that

S =40(f),  n=12,.feW
and
Iyall=l4ol,  n=1,2, ..
Now, let x,= y; € X. Then we have

f(yn):f(xo)’ I’ZII,Z, 9fe WJ.»
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and

1yull =14l =sup{ Ao )l I £ <1, fe Wt}
=sup{[f(y)l: IfI <1, fe W™}
=sup{|f(xo)l: [ fII <1, fe W}
= [lxo [ e
for all n=1, 2, ... It follows that y, e D, for all n>1. Then W* does not
have the property (C*). Hence, (2) implies (3).
(3)=(1). Suppose that W is not quasi-Chebyshev in X. Then by the

proof (2)=(1) we can find x, € X\W and a sequence {y,},>; in X
without a convergent subsequence such that

) =f(xo), n=12.;[feW",

and

yull=lxollws, — n=1,2,..

Now, define A,: W+ — C by Ay f)= f(x,) for every fe W=. It follows
that Ao e (WH)*, f(ya)=Ao(f) (n=1,2,.; fe W*) and |4, =[xl wr
=|y.ll foalln=1,2,... Then y, €S, for n=1, 2, ... Therefore, (3) does
not hold. Hence (3) implies (1), which completes the proof. |

THEOREM 2.5. Let X be a Banach space and let W be a proximinal sub-
space of X. Then the following are equivalent:
(1) W is quasi-Chebyshev in X.
(2) In every linear subspace Y, =X (xe X\W) of the form Y, =

W®{(x) each sequence {y,},>, in Y, with |y,|=1 and 0€Py(y,)
(n=1,2,..) has a convergent subsequence.

(3) For every linear functional 0 # @ € (Y ,)* (x € X\ W) with the property

W={yeY,p(y)=0}, the set. M,={yeY,:p(y)=lel, |yl=1} is
non-empty and compact in Y.

(4) W has the property (C*).

If the quotient space X/ W is reflexive, then the above statements are equiv-
alent to the following:

(5) For every Ae(W1)* the set

Si={yeX: f(y)=A(f) forall fe W=, |yl =]}

is non-empty and compact in X.
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Proof. (1)=(2). Suppose that W is quasi-Chebyshev in X. Then W is
quasi-Chebyshev in every Y, (xe X\W). Since codim W=1 in each Y,
(xe X\W), by Theorem 2.1 (the implication (1)=-(2)) each sequence
{Vu}ns1in Y, with |y,|=1and 0€ Py (p,) (n=1,2,..) has a convergent
subsequence. Hence we have (2).

(2)=(1). Assume that we have (2). Then codim W =1 in each sub-
space Y, <X (xe X\W) of the form Y, = W@®{(x). Since W is proxi-
minal in each Y, (xe X\ W), it follows from Theorem 2.1 (the implication
(2)=(1)) that W is quasi-Chebyshev in each Y, (xeX\W). But,
X=U,ex\w Y,. It is clear that W is quasi-Chebyshev in X, and hence we
have (1).

(3)=(2). Suppose that (2) does not hold. Then for a suitable
Y., ©X (xo€ X\W) of the form Y, = W@® {x,) there exists a sequence
{¥u}ns1 In Y, without a convergent subsequence such that |y, =1 and
0ePy (y,) (n=1,2,..). It follows that y,e Y \W for all n=1,2, ...
Therefore, by Lemma 1.1, for each n=1, 2, ... there exists 0 # ¢, (Y, )*
such that [l¢,[|=1, ¢,| W=0 and ¢,(y,) = |y, =1. Let ¢o=¢, and

Wo={ye Y, po(y)=0}.

Since @¢(xo) #0, it follows that Y, =W,@®{x,). But, we have
Y., =W®<x,) and W is a subset of W,. Then W= W,. Thus, we have
0#¢pye(Y,,)* with the property W={yeY, :¢oy)=0}. Now, since
¢, |W=0 (n=1,2,..), there exists a non-zero scalar o, such that
P,=a,0, (n=1,2,..). But, we have |¢,|| =1 for all n=1,2,... Then
le,|=1 (n=1,2,..). We may assume without loss of generality that
a, = oy for some scalar oy #0 (Jog| =1).

Let x,=a,y,, n=1,2,... Now, since «,— oy #0, it follows that
{x,} =11 a sequence in Y, without a convergent subsequence, |x,| =1
(n=1,2,..), and

gﬂO(xn) = (pO((xnyn) = an(pO(yn) = (pn(yn) =1= ”(ﬂo H)

foralln=1,2, ...
Therefore, x, e M, (n=1,2,...). Then M, is not compact and (3) does
not hold. Hence, (3) implies (2).

(4)=(3). Suppose that (3) does not hold. Since W is proximinal in
X, by [8; Theorem 2.1] for every 0#¢@e(Y,)* (xeX\W) with the
property W={yeY,:¢(y)=0}, M, is non-empty. Then for a suitable
Y,, =X (xo € X\W) there exists 0+#¢pqe(Y,,)* with the property W=

{yeY,:poy)=0}, M, is not compact. It follows that there exists
a sequence {y,},>; in Y, without a convergent subsequence such that

[y,ll=1and @o(y,) = ll@oll (n=1,2,..).
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Since y,, € YxO\W (n=1,2,..), for each n=1, 2, ... there exist a non-zero
scalar 4, and an w, € W such that y,=w, +4,x, (note that ¥, = W®
{xoy). But, we have @u(y,)=l@ol (n=1,2,..) and @y(xy)#0. Then
2= 100l (po(x0)) " i=4y for all n=1, 2, .... (Note that i, #0.)

Now, let x,=44"'y,, n=1,2, ... It follows that {x,},-, is a sequence
in Y, without a convergent subsequence, |@(x,)| = [l@ol x,[l and x,—
XoeW for all n=1,2,... Let fe W* be arbitrary. Since x,—x,e W
(n=1,2,..), f(x,) = f(x0) and @y(x,) = @o(x,) for all n=1, 2, ... (note that
@0l W=0).

Let Yo=(lgol) " @o. Then we have [yl =1, o] W=0, o(x,) =
Yolxo) and |[Yo(x,)| = |x,I (n=1,2,..). Therefore,

126, [| = [Wo(x,)| = [¥o(x0)]
<sup{[f(xo)l: IFI< L, fe WH =lIxollwe,

foralln=1,2, ...
On the other hand,

X0 s =sup{|f(xo)|: [ /I <1, fe W}
=sup{|f(x,)|: IfI<L fe W} <lix, |,

for all n=1,2,... Then ||x,|=|x¢llwt, n=1,2, ... Since f(x,)=f(x,),
n=12..;feW", it follows that x,eD, (n=1,2,..) and hence W+
does not have the property (C*). Thus, (4) implies (3).

The equivalences (1)< (4)<(5) have been proved in Theorem 2.4,
which completes the proof. ||

Now, we shall obtain from Theorem 2.5 the following corollary on quasi-
Chebyshev subspaces of Banach spaces.

COROLLARY 2.6. Let X be a reflexive Banach space. Then all closed
linear subspaces of X are quasi-Chebyshev if and only if for every f € X* and
every closed linear subspace W of X with f | W is non-zero, the set M, =
{yeW:g(y)=llgl, Iyl =1} is non-empty and compact, where g=f | W.

Proof. Assume that all closed linear subspaces of X are quasi-
Chebyshev. Let f'€ X* be arbitrary and let 1 be an arbitrary closed linear
subspace of X such that f| W is non-zero. Let g= f | W. Since g #0, there
exists x, € W such that g(x,) #0.

Now, let

Wo={yeW :g(y)=0} and Y, = W, ® {x,).
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Then we have W =Y, and by hypothesis W, is a quasi-Chebyshev sub-
space of X. Since ge W* = (Y, )* (xo, € X\W,) with the property W,=
{yeY,:g(y)=0} and W, is quasi-Chebyshev in X, by Theorem 2.5 (the
implication 1) = 3)) the set M, is non-empty and compact in Y, = W.

Conversely, suppose that for every fe X* and every closed linear sub-
space W of X with f| W is non-zero, the set M, is non-empty and compact,
where g = f'| W. Let W be an arbitrary closed linear subspace of X.

Now, let xe X\W be arbitrary and Y, = W@ {x). It is clear that Y _ is
a closed linear subspace of X. Let 0 #¢@pe(Y,)* be arbitrary with the

property
W={yeY,:p(y)=o}.

Therefore, by Hahn-Banach Theorem, there exists a linear functional
S € X* such that 0 # ¢ = /| Y. It follows, by hypothesis, that M, is a non-
empty and compact set in Y,. But, we have X is reflexive. Then by [8;
Corollary 2.4] W is proximinal in X. Hence by Theorem 2.5 (the implica-
tion 3)=1)) W is quasi-Chebyshev in X, which completes the proof. ||
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